On positive order continuous operators  by Aliprantis, C.D. & Burkinshaw, O.
MATHEMATICS Proceedings A 86 (l), March 28,1983 
On positive order continuous operators* 
by C.D. Aliprantis and 0. Burkinshaw 
Department of Mathematical Sciences, Indiana University - Purdue University at Indianapolk, 
Indianapolis, Indiana 46223, USA 
Communicated by Prof. A.C. Zaanen at the meeting of September 27, 1982 
ABSTRACT 
Let T: E-F be a positive operator between two Riesz spaces with F Dedekind complete. The 
main purpose of this paper is to provide elementary proofs for the following two theorems. 
1. The operator T is order continuous if and only if the null ideal of every operator satisfying 
OsS<Tis a band. 
2. If T, denotes the order continuous component of T, then 
T,(u)= inf {sup T(u,): O~u,~u}. 
For terminology and notation concerning Riesz spaces we refer the reader to 
[2] and [lo]. In this work E and F will denote Archimedean Riesz spaces. A 
(linear) operator T : E+F is said to be positive whenever XE E + (i.e., 0 IX) im- 
plies TX E F+ . A positive operator is determined completely by its action on E + . 
Specifically: If a mapping T: E+ *F+ is additive (i.e., T(x+y) = T(x)+ T(y) 
holds for all x,y E E +), then T extends uniquely to a positive operator from E 
into F. See [2, p. 191. 
The vector space of all order bounded operators from E into F will be 
denoted by Yf(E,F). Then .L$(E, F) is an ordered vector space under the 
ordering S I T whenever SXS TX holds for all XE E+ . When F is Dedekind 
complete, then it is well known that Yf(E,F) is likewise a Dedekind complete 
Riesz space. In this case, T,lO holds in Pf(E, F) if and only if T,(u)lO holds in F 
for each UEE+. See [2, p. 201. 
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Consider a positive operator T: E+F where F is now Dedekind complete. 
Then for each ideal A of E we define a mapping TA : E+ +F+ by 
TA(u)= sup {T(o): IJEA and O~UZGU}, UEE+. 
It is easy to see that TA is additive, and hence, extendable uniquely to a positive 
operator from E into F. We have: 
1. OIT*IT; 
2. T*=TonA,and TA=OonAd;and 
3. If another ideal B satisfies A s B, then TA 5 TB holds. 
See [l, Thm 3.1, p. 6711. 
Let T: E-F be a positive operator. Then, T is said to be order continuous 
whenever u,LO in E implies Tu,lO in F (or equivalently, whenever 0 I ~,ft( in E 
implies Tu,f Tu in F). Similarly, T is a-order continuous whenever ~“10 in E 
implies Tu,lO in F. In case F is Dedekind complete, an order bounded operator 
T: E-*F is said to be order (resp. a-order) continuous whenever ITI is order 
(resp. a-order) continuous. 
If F is Dedekind complete, then the null ideal NT of an order bounded 
operator T: E+Fis the ideal NT= {GEE: )Tj(juJ)=O}. The band Cr=(NT)d 
is referred to as the carrier of T. 
Our first result characterizes the order and a-order continuous operators in 
terms of null ideals, and it was also mentioned in a review by W.A.J. Luxem- 
burg [MR 57 # 173781. 
THEOREM 1. Let E and F be two Riesz spaces with F Dedekind complete. Then 
for an order bounded operator T: E+F the following statements hold: 
1. T is order continuous if and only if the nuN ideal Ns is a band for each S E AT 
(the ideal generated by T in SJ,(E, F)). 
2. T is a-order continuous if and only if the null ideal Ns is a u-ideal for each 
SEAT. 
PROOF. We shall only prove (1) since the proof of (2) is similar. The “only if” 
part is obvious. The “if” part needs proof. We can assume that TrO. Let 
0 I u,fu in E, and let Tu,fh I Tu in F. We have to show that h = Tu holds. 
To this end, let 0 <EC 1. For each (Y, let A, denote the ideal generated by, 
@U--U,)+, and let T, = TA,. (Recall that T, agrees with Ton A, and vanishes 
on A$) Clearly, Tr T,l 20, and T&u-u,)- =0 for each Q. Let T&r0 in 
Yb(E, F), and note that SE AT. Also, S(EU - u,)- = 0 holds for each a, and so, 
{(Eu-uU,)-} G Ns. On the other hand, OI(EU-U~)-~(~ -E)U holds in E, and 
hence, since by our hypothesis Ns is a band, u E Ns. Therefore, Su = 0. Now the 
relation 
OS T(Eu-uU,)+ = T&u-uU,)+ IT,(U) 
combined with And&s inequality 
OIU-z&=(1 -&)U+(&U-UU,)I(l -&)U+(&U-z&)+, 
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implies 
O~T#-h~T(u-u,)~(l-&)Tu+7(&U-UU,)+1(1-&)TU+7-,(U). 
Taking into account that T,(U)&) =0, the above inequality yields 
0 5 Tu - h I (1 - e)Tu for all 0 < E < 1. Hence, h = Tu holds, as required. W 
The next three results are interesting consequences of Theorem 1. 
THEOREM 2. For a pair of Riesz spaces E and F with FDedekind complete, the 
following statements are equivalent: 
1. Every order bounded operator from E into F is order continuous. 
2. Every non-zero order bounded operator from E into F has a non-zero 
carrier. 
3. The null ideal of every order bounded operator from E into F is a band. 
PROOF. (l)*(2) Let T: E+F be order bounded with CT= (0). From the order 
continuity of T we see that Nr must be a band, and so, since NT@ CT = NT is 
order dense in E, it follows that NT= E. That is, T=O, and our implication 
follows. 
(2) * (3) Let T : E-F be a positive operator, and let B be the band generated 
by Nr. Also, let TB be the operator introduced above where TB = Ton B and 
TB = 0 on Bd. Clearly, Cr G NrB (since C~I B). Also, Nr G NrB implies NT@ Cr c 
cNT~, and so, CrB= (0). Hence, by our hypothesis Tn=O, and so, BC NT. 
That is, NT= B, so that NT is a band. 
(3) * (1) This follows from Theorem 1. n 
The sequential companion of Theorem 2 is the following. 
THEOREM 3. For a pair of Riesz spaces E and F with F Dedekind complete, the 
following statements are equivalent: 
1. Every order bounded operator from E into F is u-order continuous. 
2. For each order bounded operator from E into F its null ideal is a o-ideal. 
The preceding results can be used to provide easy proofs to the charac- 
terizations of Riesz spaces with the a-order continuity property. Following C.T. 
Tucker [12, 131 and D.H. Fremlin [4, 51, we say that a Riesz space E has the 
o-order (resp. the order) continuity property whenever every positive operator 
from E into an arbitrary Archimedean Riesz space is a-order (resp. order) 
continuous. 
THEOREM 4. (Tucker-Fremlin) For a Riesz space E the following statements 
are equivalent: 
1. E has the u-order continuity property. 
2. Every Riesz homomorphism from E into an Archimedean Riesz space is 
o-order continuous. 
3. Every uniformly closed ideal of E is a o-ideal. 
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PROOF. (1) =$ (2) Obvious. 
(2) a(3) Let A be a uniformly closed ideal of E. By [8], E/A is an Archi- 
medean Riesz space. Since the canonical projection of E onto E/A is a Riesz 
homomorphism, it follows from our hypothesis that it is also o-order con- 
tinuous. But then its kernel A must be a a-ideal. 
(3) * (1) Let T : E-+G be a positive operator where G is Archimedean. Re- 
placing G by its Dedekind completion, we can assume that G is Dedekind 
complete. Since T maps uniformly convergent sequences onto uniformly con- 
vergent sequences, it follows that NT is a uniformly closed ideal, and so, by 
hypothesis NT is a o-ideal. Thus, the null ideal of each positive operator from E 
into G is a a-ideal, and the conclusion follows from Theorem 1. n 
The reader can prove in a similar manner the corresponding result for the 
order continuity property. 
Now assume that F is Dedekind complete. The vector space of all order con- 
tinuous operators of Pb(E, F) is denoted by 2$(E, F), and that of all a-order 
continuous operators by g(E, F). It is well known that Yn(E, F) and L$(E, F) are 
both bands of s(E,F). Thus, 
In particular, each operator TE J$(E, F) has a unique decomposition 
T= T, + T, where T, E @E, F) and T, E L&E, F). The operator T, is called the 
a-order continuous component of T. Similarly, T has a unique decomposition 
T= T, + T, with T,, E Lg(E, F) and T, E &(E, F). The operator T, is called the 
order continuous component of T. Our next objective is to prove directly that if 
T: E-+F is a positive operator, then 
T,(u) = inf (sup T(u,) : 0 I unTu}, and 
T,(u)= inf {sup T(u,): OSU,TU} 
hold for each u E E + . 
.The above formulas have an interesting history. First of all, they are remini- 
scent of the “Caratheodory extension procedure” of a measure. When F= I?, 
the formula for T, is due to W.A.J. Luxemburg and A.C. Zaanen [9, Thm 20.4, 
p. 6631, and for the same case, the formula for T,, is due to W.A.J. Luxemburg 
[6]. When g(F, IR) separates the points of F, the formulas were established by 
C.D. Aliprantis [l]. In 1975 A.R. Schep announced the validity of the formulas 
in the general setting, and later published his proof in [l I]. An elementary 
proof for T, was also obtained by P. van Eldik in [3 1. All proofs are based upon 
the ideas of [a], and this one is no exception. We carry out the details for T, and 
leave the identical arguments for T, to the reader. 
Let T : E-rF be a positive operator. For each u E E + , let 
T#(u) = inf {sup T(u,) : O~u,fu}. 
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Clearly, 01 T#(u) s T(u). It follows easily that T# is additive on E+, and so, 
T# uniquely defines a positive operator from E into F. On the other hand, it is 
easy to see that T- T# , from $ (E, F) into $ (E, F), is likewise additive (i.e., 
S* + T# = (S + T)# holds). 
THEOREM 5. Let E and F be two Riesz spaces with F Dedekind complete. Then 
for every positive operator T : E+F and each u E E+ we have: 
1. T,(u) = inf {sup T(u,) : O~u,fu}; and 
2. T,,(u) = inf {sup T(u,) : OS u,?u}. 
PROOF. Let T: E-+F be a positive operator. We establish the formula for T,. 
It is enough to show that T# is order continuous. (If this is done, then T# I T 
implies T# =(T#),,sT,, and since T, 5 T* holds trivially, we see that 
T, = T* .) To this end, let 0 I IJ,~U in E, and let 0 5 T#(u*)fh I T*(u) in F. It 
must be shown that h = T#(u). 
Fix 0 < E < 1, and let TA = TAA where Ah is the ideal generated by (ED - Us)+ . 
Clearly, Tz TAlzO, and Tk(uA-eu)+ =0 holds for all 1. Let TAISzO in 
dLpb(E, F). From 0 I (ul - co)+ ?(l - E)U and S(U~ - EU)+ = 0 for each L, we see that 
P(u) = 0. From And&s inequality 0 I u - uA I (1 - E)U + (ED - Us)+ it follows 
that 
OsT#u-h<T#(u-uA)l(l-e)T#u+T#(eu-Us)+. (*I 
Now since 0 d w 5 (ED - ol)+ implies T(w) = TA(w), we see that 
T#(Eu-Q)+ = inf {sup T(w,):O~w,~(eu-Us)+} 
= inf {sup TA(w,) : 0~ w,T(eu- ul)+} 
= T,#(Eu- ok)+ I T:(u), 
and so, substituting into (*) we get 
OsT#u-h<(l-e)T#u+ T;(u). (**) 
From T,lS and the inequality 01 Tf - S# = (TA - S)# 5 TA -S, it follows that 
T,#LS#. In particular, Tn#(u)iS#(u)=O, and so from (**) we see that 
OlT#u-h<(l -e)T#u 
holds for all O<E< 1. Hence, h = T++(u), as desired. w 
Finally, one more band of d%(E,F) will be considered. Let E be a normed 
Riesz space, and let F be a Dedekind complete Riesz space. Following [7] we say 
that an order bounded operator T : E+F is Cauchy continuous whenever u,lO 
and {u,} a norm Cauchy sequence imply inf { 1 T(u,) I} = 0. Denote by &(E, F) 
the vector space of all Cauchy continuous operators from E into F. It follows 
easily that 2&(E,F) is a band of Yb(E,F), and hence, each TE .S$(E,F) has a 
Cauchy continuous component T,,. In [7] W.A.J. Luxemburg studied Cauchy 
continuous linear functionals 9 and derived a formula for bo,, [7, Thm 62.9, 
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p. 6551. It is easy to see that our proof of Theorem 5 can be adopted to extend 
Luxemburg’s formula for qcc to general operators. That is, if T: E+F is a 
positive operator, then 
T,(u) = inf {sup flu,) : 01 U,~U and {u,} is norm Cauchy} 
holds for all u E E + . 
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